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An idea of “spatial periodic strain” is proposed and an equilibrium relationship is established for the
mechanics of zigzag single-walled carbon nanotubes sSWCNTsd. An efficient approach is presented
to investigate mechanical properties of zigzag SWCNT, and its validity is demonstrated by
comparing its calculation results with existing results. © 2005 American Institute of Physics.
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Much research has been carried out on the remarkable
carbon-nanotube sCNTd mechanical properties in terms of its
high strength, high stiffness, and large elastic strain.1,2 Two
main classes of theoretical methods are the atomistic
based3–5 and the continuum mechanics6–9 based. The former
is currently limited by the computational complexity with
respect to the number of atoms. Several models in continuum
mechanics are used.10–12 Li and Chou7 treated a single-
walled CNT sSWCNTd as a frame and modeled a bond as a
beam to obtain reasonable elastic moduli. Actually the bond
is not allowed to bend13 and the bending energy and the
angle variation energy cannot be equated directly. Based on
molecular mechanics, Chang and Gao8 proposed an analyti-
cal model to relate the elastic properties of SWCNT to its
atomic structure. Odegard et al.9 related the bond-angle
variation energy to the stretching energy of the correspond-
ing factitious rod in a truss model to study the effective ge-
ometry of a graphite sheet, and the resulting equivalent
thickness is two times the graphitic interlayer spacing. In this
letter, for zigzag graphite sheet or SWCNT in compression,
two constant longitudinal strains for laminar substructures
are found to appear in a periodic way, leading to the consid-
eration of “spatial periodic strain.” A rational representative
element is recommended and the equivalent relationship is
deduced to achieve an equivalent-truss model.
The molecular potential14 Eg of a graphite sheet and
SWCNT at small strains is mainly the sum of energies asso-
ciated with the variation of bond length Er and bond-angle
Eu,
Eg = Er + Eu = o
n
Krsrn − Pnd2 + o
m
Kusum − Umd2, s1d
where Pn and Qm, rn and um are, respectively, the unde-
formed length of bond n and bond-angle m, and the de-
formed ones, and Kr and Ku are the related force constants.
The strain energy of a pin-jointed truss is
Ea = o
n
AaYn
a
2Rn
a
srn
a
− Rn
ad2, s2d
where AaYn
a is the axial stiffness of rod n, Rn
a undeformed
length, and rn
a deformed length. The rods are called the origi-
nal rods. Comparing Eqs. s1d and s2d, one makes the energy
Er equivalent to the energy Ea by letting
rn = rn
a
, Pn = Rn
a
, Yn
aAa = 2KrRn
a
. s3d
To deal with Eu, two kinds of factitious rods between the
atoms along the two sides of each bond-angle are added. Rm
b
is the undeformed length of the factitious rod m, and rm
b is its
deformed length. For a first-kind of factitious rod, its length
variation rm
b1
−Rm
b is related to the bond-angle variation u1.
For a second-kind of factitious rod, only a portion of its
length variation rm
b2
−Rm
b is related to the bond-angle variation
u2 as shown in Fig. 1. AbYm
b1 and AbYm
b2 denote, respectively,
the axial stiffness of the first-kind and second-kind factitious
rods. Owing to the fact that two kinds of laminar substruc-
tures ssubstructures I and II, as shown in Fig. 2d are con-
nected alternatively and distribute periodically in the longi-
tudinal direction of the graphite sheet or SWCNT, two
constant strains corresponding to substructures I and II, re-
spectively, appear also in the longitudinal direction alterna-
tively. This leads to the consideration of “spatial periodic
strain” in the following analysis. Consider a join being taken
out from the linked nine rods in a graphite sheet shown in
Fig. 3. Ignoring boundary effect, one lets the longitudinal
stain of substructure I be «1 and that of substructure II be «2.
The average longitudinal strain of whole structure is «¯
= s2«1+«2d /3 and the transversal strain of the whole struc-
ture is
«t =
rm
b1
− Rm
b
Rm
b = − n
2«1 + «2
3
. s4d
Equilibrium requires that
adAuthor to whom correspondence should be addressed; electronic mail:
bcaleung@cityu.edu.hk
FIG. 1. Hexagonal ring element and the characteristic triangle. In the ele-
ment, heavy lines represent the original rods, and thin lines the first kind of
factitious rods, while the dash lines the second kind of factitious rods.
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«1 =
1
4
«2 −
3
4
n
2«1 + «2
3
. s5d
Solving Eqs. s4d and s5d leads to
«2 =
2s2 + nd
1 − n
«1, s6ad
«t = −
2n«1
1 − n
. s6bd
The strain of the inclined factitious rods will be
rm
b2
− Rm
b
Rm
b = S34 − 14nD«¯ . s7d
Consider the characteristic triangle in Fig. 1. From ge-
ometry, y tan f=x and y sec2 fdf+tan fdy=dx. In the do-
main of f=p /3, considering dy=«2y, dx=«tx, and Eq. s6d,
one has
4df − ˛32 + n
n
«t = ˛3«t, s8d
which gives
df =
s1 + nd˛3
2n
«t =
s1 + nd˛3
2n
rm
b1
− Rm
b
Rm
b =
1 + n
2n
rm
b1
− Rm
b
Rm
a
.
s9d
Hence, for the first-kind of bond-angle in Fig. 1, the equiva-
lent relationship is
du1 = 2df =
1 + n
n
rm
b1
− Rm
b
Rm
a
. s10d
For the second-kind of bond-angle in Fig. 1, the equiva-
lent relationship is
du2 = −
1
2
du1 = − df = −
1 + n
2n
rm
b1
− Rm
b
Rm
a
. s11d
Considering Eqs. s4d, s7d, and s11d, one has
du2 =
2s1 + nd
3 − n
rm
b2
− Rm
b
Rm
a
. s12d
The ratio of its length variation in the characteristic triangle
to its total length variation is
3
4«2 +
1
4«t
3s 34 «¯ + 14«td
=
2s3 + nd
3s3 − nd
. s13d
To get the equivalent relationship for the second-kind of
bond-angle, it is necessary to replace 2s3+ndsrm
b2
−Rm
b d / f3s3−ndg with rm
b2
−Rm
b
. Then Eq. s12d leads to
du2 =
3s1 + nd
3 + n
rm
b2
− Rm
b
Rm
a
. s14d
For a graphite sheet, n=0.17 is taken,15 thus Eqs. s10d and
s14d lead to
du1 = 6.88
rm
b1
− Rm
b
Rm
a
, s15ad
du2 = 1.11
rm
b2
− Rm
b
Rm
a
. s15bd
For SWCNT, n=0.28 is taken,4 thus Eqs. s10d and s14d lead
to
du1 = 4.57
rm
b1
− Rm
b
Rm
a
, s16ad
du2 = 1.17
rm
b2
− Rm
b
Rm
a
. s16bd
Equations s15d and s16d are the equivalent relationship,
i.e.,
um − Qm = aisrm
b
− Rm
b d/Rm
a
, i = 1,2, s17d
where ai varies with the graphite sheet and SWCNT. The
total strain energy of factitious rods is
FIG. 2. Two kinds of laminar substructures sI and IId are connected alter-
natively longitudinally.
FIG. 3. sad A joint O is linked nine rods, which are in three hexagonal ring
elements. sbd Mainly three forces apply to the joint O by three original rods.
Each kind of line has the same meaning as that in Fig. 1.
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Eb = o
m1
AbYm
b1
2Rm
b srm
b1
− Rm
b d2 + o
m2
AbYm
b2
2Rm
b srm
b2
− Rm
b d2, s18d
where m1 and m2 represent the number of first-kind and
second-kind of factitious rods, respectively. Comparing Eq.
s1d and s18d, one makes the energy Eu equivalent to the
energy Eb by letting
Ym
biAb = 6ai
2Ku/Rm
b
, i = 1,2. s19d
The atomistic potential Er+Eu of the graphite sheet and
SWCNT is equivalent to the strain energy of the truss if its
original and factitious rods satisfy Eqs. s3d and s19d, respec-
tively. The force constants in Eqs. s3d and s19d can be calcu-
lated as16
Kr = 326 nN/nm, Ku = 0.438 nN nm. s20d
The zigzag graphite sheet with longitudinal length ,1
=10.5 nm and transversal length ,2=24 nm is studied to ob-
tain its Young’s modulus. One side of it is fixed longitudi-
nally and the opposite side is compressed longitudinally by
force F uniformly distributed at the boundary atoms as
shown in Fig. 2. The other two sides are totally free. Young’s
modulus is given by Yg=Fl1 /Dl l2t, where Dl is the variation
of the longitudinal length, and t=0.34 nm is taken as the
graphitic interlayer spacing. For a given F, Dl can be calcu-
lated by structural calculation and Young’s modulus Yg is
obtained as 0.93 TPa. Compared with the experimental data
Yg=1.06 TPa,15 it represents 12% relative error. Odegard et
al.9 took Young’s modulus of bulk graphite as Yg
=1.008 TPa to get the effective thickness as 0.57–0.69 nm
nearly two times the graphitic interlayer spacing. If they take
the effective thickness as the graphitic interlayer spacing,
their results on Young’s modulus would be nearly two times
that of the graphite. Hence, compared with the results of
Odegard et al.,9 our truss model is more reasonable.
In Chang and Gao’s model,8 Young’s modulus of the
zigzag graphite sheet was derived as Yg=8˛3K / fsKa2 /C
+18dtg, where a is the bond length. By taking the experimen-
tal data of Yg=1.06 TPa and n=0.16 as the in-plane elastic
constants of graphite sheet, they obtained K=742 nN/nm
and C=1.42 nN nm. By modifying the bonded parameters to
reproduce the experimental vibration frequencies, Cornell et
al.16 found the force constants Kr and Ku in Eq. s20d, then K
and C should be K=652 nN/nm and C=0.876 nN nm to get
Yg=0.815 TPa. Compared with the experimental data Yg
=1.06 TPa, our result is 0.93 TPa.
The compression of zigzag SWCNT with initial length l0
is studied to calculate its Young’s modulus. One end of
SWCNT is fixed, and the other end is compressed longitudi-
nally by force F. Young’s modulus is Y =Fl0 / sDlpdtd, where
Dl is the variation of longitudinal length, d is the diameter of
SWCNT, and t is also taken as 0.34 nm.6 For a given F and
d, Dl can be calculated by structural calculation and Young’s
modulus Y is obtained as 0.90 TPa showing little dependence
on the diameter.
Krishnan et al.17 observed the free-standing vibrations of
SWCNT in transmission electron microscopy and obtained
average Y =1.25 TPa. Muster et al.18 used scanning force
microscopy characterization of CNT on electrode arrays un-
der bending and obtained Y =1 TPa for multi-walled CNTs
sMWCNTsd. Salvetat et al.19 used atomic force microscopy
sAFMd and reported Y =0.81±0.41 TPa for MWCNT. Tom-
bler et al.20 used AFM to bend a single SWCNT and ob-
tained Y =1.2 TPa. In the above-mentioned experiments, the
average Young’s modulus varies from 0.81 to 1.25 TPa. By
using the empirical lattice dynamics model, Lu4 obtained Y
=0.97 TPa for SWCNT, and Popov et al.21 obtained Y
=1 TPa. The study of Sanchez-Portal et al. s1999d based on
pseudo-potential density functional theory gave Y
=0.95–1.10 TPa,5 while the ab initio multiplicative integral
approach of Van Lier et al. obtained Y =0.75–1.18 TPa.22
Compared with the above-noted experimental results and
theoretical simulation, it is obvious that our calculation re-
sults lie fairly within the effective range.
In summary, based on the understanding of laminar sub-
structures of zigzag graphite sheet and SWCNT to introduce
“spatial periodic strain,” we obtain a rational equivalent re-
lationship and achieve an efficient model which links the
molecular mechanics with the continuum mechanics. The re-
sults on Young’s modulus of graphite sheet and SWCNT are
obtained and are in good agreement with the existing results.
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